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Abstract--We established that neither conditions for the basis property of the system of root 
functions of a non-self-adjoint differential operator, nor conditions for the equiconvergence of the 
expansion in root functions with the trigonometric series can be formulated in terms of any type of 
boundary conditions (or even for a specific form of them). We propose to express these conditions 
in terms of the first components of asymptotic expansions for the eigenvalues An and for the root 
functions by powers of A~ 1/2. 
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The study of physical processes with dissipation demands the necessity for developing the spectral 
theory of non-self-adjoint differential operators. 
We consider two fundamental problems of the spectral theory in the non-self-adjoint case: 
(i) the problem of formulating the conditions which provide the basis property of the system 
of root (i.e., eigen and adjoint) functions of a non-self-adjoint differential operator in this 
or that functional space Lp; 
(ii) the problem of formulating conditions which provide the equiconvergence of the expansion 
of an arbitrary function f(x) from this or that space Lp in root functions of a non-self- 
adjoint differential operator with the Fourier series expansion of the same function. 
For self-adjoint ordinary differential operators over a finite segment, both these questions can 
be cleared up in terms of the type of boundary conditions. 
As Keldysh showed in his well-known paper, the problem of singling out conditions which 
provide completeness for a system of root functions of a non-self-adjoint differential operator can 
be also solved in the same terms. 
Further, we show that both mentioned problems (of finding conditions for the basis property 
of a system of root functions and of finding conditions for the equiconvergence of the spectral ex- 
pansion with the trigonometric series) are principally unsolvable in terms of any type of boundary 
conditions (or even a specific form of them).1 
We specify here in what terms both these problems can be solved. 
Let us give a precise description and analyse the obtained results. 
This work was supported by the Commission of the European Communities--DG III/ESPRIT Project--ACTCS 
9282. 
1Boundary conditions, which are strongly regular in Birkoff's sense, are the only exception. 
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We start with analysing the terms in which one can solve the problem of the basis property 
and the problem of equiconvergence with the trigonometric series in the case when the given 
differential operator is self-adjoint. 
Let us recall that for self-adjoint differential operators with self-adjoint boundary conditions, 
the answer to both mentioned problems can be obtained in terms of the type of boundary con- 
ditions. 
For example, according to the main theorem by Neumann [1], the system of eigenfunctions of 
a formally self-adjoint differential operator equipped with any self-adjoint boundary conditions 
(which provide its spectrum is discrete) forms an orthonormalized basis in L2 space. As for the 
problem of the (uniform on every compact set) equiconvergence of the spectral expansion with 
the expansion in the trigonometric series, laying aside the initial (fundamental at the time they 
were obtained) results of [2-6], and other authors, we give a result by H6rmander [7], which states 
that for an arbitrary function from the class L2, the spectral expansion related to an arbitrary 
self-adjoint nonnegative expansion of an ordinary formally self-adjoint differential operator of any 
finite order equiconverges uniformly on every compact set with the Fourier integral (i.e., with the 
trigonometric series when the spectrum is discrete). 
The answer to either of two questions mentioned above becomes much more difficult if the 
formal differential operator or its boundary conditions are non-self-adjoint. 
For an ordinary and, in general, non-self-adjoint differential operator of order n, Birkhoff [8] 
introduced the notion of strongly regular boundary conditions. It has been proved by Tamarkin [3] 
as early as in 1917, that if the trigonometric series for an arbitrary function from the class L1 
converges at a certain point, then the biorthogonal expansion of this function in root functions 
of a non-self-axijoint ordinary differential operator of order n equipped with strongly regular 
boundary conditions also converges at this point, and the difference between the biorthogonal 
and trigonometric series tends to zero at this point. 2 
Much later (first, by Mikhailov [9] in 1962, then by Kesselman [10] in 1964, and finally, by 
Dunford and Schwartz [11] in 1971), it was established that the system of root functions of an 
ordinary differential operator of order n equipped with strongly regular boundary conditions 
forms a Riesz basis in L2. 
However, if we put aside the works which cover the block-basis property (or the basis property 
with brackets) of a system of root functions (see, e.g. [12]), then no type of boundary condi- 
tions other than strongly regular boundary conditions have been specified which guarantees the 
basis property of a system of root functions and the equiconvergence of the biorthogonal and 
trigonometric series. 
In this paper, we demonstrate hat, for boundary conditions which are regular (but not strongly 
regular) in Birkhoff's sense, the basis property of a system of root functions and the equiconver- 
gence of the biorthogonal nd trigonometric series are governed by the values of the coefficients of 
the differential operator, and these properties may appear or disappear whatever small changes 
in coefficients are with respect o appropriate metrics. 
Before formulating the main result, we provide some necessary assertions, which were previously 
established by the author of this paper in [13-16]. These results help to give an answer to 
both problems posed above (concerning the basis property and the equiconvergence with the 
trigonometric series) in more constructive t rms. 
Consider a formally non-self-adjoint ordinary differential operator of an arbitrary order n: 
Lu = u(") + ax(x)u ("-1) + a~(z)u ~"-2) +. . .  + a,(z)u, (1) 
defined over some interval G. 
2This type of equiconvergence proved in the mentioned work by Tamarkin and in some preceding works by Steklov 
can  be called equiconv~jence in the ~#eak sense. 
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Usually, (1) is called a formal differential expression, and it is proper to use the term "differ- 
ential operator" only after this expression has been equipped with some boundary conditions. 
The associated procedure of treating spectral problems is tightly connected with the particu- 
lax boundary conditions and does not allow us to embrace the systems of root functions for all 
non-self-adjoint boundary value problems with discrete spectra. Moreover, the previous research 
(see [13-16]) has shown that it is more natural to express the basis property and the property 
of equiconvergence with the trigonometric series in a non-self-adjoint case in terms of the first 
components of asymptotics for the eigenvalues Ak and for the root functions by powers of 1/#k, 
where p~ = Ak. This is all more natural if we take into account hat methods of constructing 
asymptotic expansions for the eigenvalues Ak and for the root functions by powers of 1/#k, where 
#~ = Ak, have long been developed for particular boundary value problems. Therefore, the con- 
ditions for the basis property and the property of equiconvergence with the trigonometric series 
obtained in terms of the first components of these expansions are quite constructive. 
Let us introduce the system of generalized root functions of the formal differential operator (1) 
which are only the regular solutions of corresponding differential equations with a complex spec- 
tral parameter. 
We call an arbitrary system of complex-valued functions {uk(x) }, k E N, the system of gener- 
alized root functions (g.r.f.) if each function belongs to the class C (n) (G) (the class W~ (G)) and 
satisfies a the following differential equation: 
Luk + Akuk = OkUk-1, (2) 
for some complex number Ak everywhere on G (almost everywhere on G). Here, L is the opera- 
tor (1), Ok equals 0 or 1 (in the latter case, we necessarily require Ak = Ak-1), and 01 is always 
zero. 
It is natural to call the function uk (x) a generalized eigenfunction if Ok = 0 and a generalized 
adjoint function if Ok = 1. 
The g.r.f, in the system are enumerated sothat every generalized eigenfunction is followed by 
all the generalized adjoint functions which are in the same chain with it. 
This notion of the system of g.r.f, includes all systems of root functions of all boundary value 
problems for the operator (1) that have discrete spectra, the system of exponentials, as well 
as some systems obtained by uniting subsets of root functions of two different boundary value 
problems (see [17,18]). 
Let us introduce a specially selected nth root of the complex number Ak which we denote here 
by #k. So fax, we put 
{ (-1)(n+2)/2Ak, if n is even, 
Ak= -iAk, i fn isodd,  ImAk>0,  
iAk, i fn isodd,  ImAk<0,  
and write the number Ak in the form Ak = r exp(iqa) for - r  < ~ <_ 7r. Then, the n th root we 
select equals 
#k=r l / '~exp( i~) .  (3) 
Note that for n -- 2, i.e., for the second-order quation, #k is the square root of Ak that satisfies 
Re/~k > 0. In order to formulate the first assertion, we demand that the given arbitrary system 
of g.r.f, of the operator (1) satisfies the following two conditions Ap. 
(1) There exists a fixed p > 1 such that this system is closed and minimal in the class Lp(G). 4 
aOf course, we assume some smoothness of the coefficients al(x) of the operator (1). 
4System {uk(x)}, in which every element belongs to the class Lp(G), is called closed in Lp(G) if every function 
from Lp(G) can be arbitrarily closely approximated in Lp(G) metric by a finite linear combination of the elements 
of this system, and it is called minimal in Lp(G) if none of the elements of this system belongs to the closed linear 
span of other elements. 
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(2) The numbers Pk defined by (3) satisfy the two inequalities: 
IIm~kl _ C1 (for all numbers k), (4) 
E 1 < C2 (for all real t > 0). (5) 
t<lt~l<t+l 
Let us analyse whether these two conditions Ap are essential and how constructive these con- 
ditions are for particular boundary value problems. 
There is no doubt about the condition that demands the system of g.r.f, to be closed in 
Lp(G). If this condition is violated, one cannot even approximate an arbitrary function from 
the class Lp(G) with respect o the metric of this class by linear combinations of this system's 
functions. For particular boundary value problems, the closedness condition is verified (at least 
in Lp(G) for 1 _< p < 2) by the known theorem by Keldysh [19] and his disciples. 
The condition for the system of g.r.f, to be minimal in Lp(G) is essential because, if it is so, we 
can guarantee that there exists at least one system biorthogonally adjoint of the system of g.r.f. 
Were it not for this condition, we would not even be able to write down a biorthogonal expansion 
in the system of g.r.f. 
The fulfillment of the minimality condition for particular boundary value problems follows from 
the existence of a biorthogonally adjoint system, which is formed by the root functions of the 
adjoint boundary value problem. 
As to whether the inequalities (4) and (5) are essential, we just mention that at least for a 
second-order operator, given the condition of uniform boundedness of all the chains of generalized 
adjoint functions, Kerimov [20] proved that the inequality (4) is the necessary condition for the 
basis property of the system of g.r.f, in Lg(G), while in [16], it was proved that the inequality (5) 
is the necessary condition for the Riesz basis property for the system of g.r.f. For particular 
boundary value problems, the inequalities (4) and (5) are verified through the first terms of 
asymptotic expansions of the numbers Ak in powers of 1/1~ k. 
The inequality (5) makes it possible to state that there are no finite condensing points in 
the sequence I#t~l, and we can assume that the system of g.r.f, is enumerated in the order of 
nonincreasin9 I#tcl. 
The first condition A v makes it possible to state that there exists the unique system {vk(x)} 
which is biorthogonally adjoint of the system (Uk(X)}, i.e., each element Vk(X) belongs to the 
class Lq(G) for q = p/(p - 1) (q = oo for p = 1) and satisfies the condition 
(uk, vl) =/c  uk(x)vz(x) dx = 6 k. 
In this case, for an arbitrary function f(x) from the class Lp(G) and for the same p as in the 
condition Ap, we can compose the partial sum of order m of the biorthogonal expansion of f(x) 
in the system of g.r.f. {u~(x)}: 
m 
vk) k(x). (6) 
kml  
We say that the system of g.r.f. {uk(x)} possesses the basis property in Lp, if for an arbitrary 
function f(x) from the class Lp(G) and an arbitrary compact set K of the interval G, we have 
lira ll (x, f) -/(x)llLp¢K) = 0. 
For an arbitrary function f(z) from the class Lp(G), along with the mth partial sum of the 
biorthogonal expansion (6), it is natural to introduce a modified partial sum of the trigonometric 
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Fourier series for the function f(x),  namely 
i ./~. sin[r(x - y)] 
x-y  f(y) dv (7) 
of order T = I#m[- 
We say that for an arbitrary function f (x)  from the class Lp(G), the expansion of this function 
into the biorthogonal series in terms of the system of g.r.f. {uk(x)} and the trigonometric series 
uniformly equiconverge on every compact set of the interval G, if for an arbitrary function f (x)  
from the class Ln(G ), the difference 
I 
Rm(x , f ) - -am(x , f ) -exp  [ _1  i :  al(~)d~] Sb.d (X , f (X) .exp [-I n fz: al(~) d~]) (8) 
(in which x0 denotes any fixed point of the interval G) tends to zero as m ~ cc uniformly with 
respect o x on every compact set of the interval G. 
Note that, for ai(x) - O, the difference (8) reduces to 
Rm(x, f) = am(x, f) - Si.ml(X, f). (8') 
To contrast the equiconvergence considered by Steklov [2] and by Tamarkin [3], we name the 
equiconvergence w  just defined equiconvergence in the strong sense. 
Now we axe ready to formulate required assertions which were originally established in [13-16]. 
ASSERTION 1. Let the coefficients of the operator (I) belong to the classes al(x) E C(n-l+l)(G) 
and {uk(x)} be an arbitrary system of g.r.£ o/the operator (1) that satisfies for a fixed p > 1 the 
two conditions Ap. This system possesses the basis property in Lp ff and only if for an arbitrary 
compact set Ko of the interval G, there exists a constant C(Ko) such that the inequality 
II kllL ( o)bkllL,,(C) <-- C(go) (9) 
holds true t:or all k (here q = p/(p - 1)). 
ASSERTION 2. Let the coefficients of the operator (I) belong to the classes ad x ) e C (n-~ + l ) ( G) 
and {uk(x)} be an arbitrary system of g.r.£ of the operator (1) that satisfies for a fixed p > 1 
the two conditions Ap. Expansion of an arbitrary function f(x) from the class Lp(G) into the 
biorthogonal series in terms of the system of g.r.£ {uk(x)} and its expansion in the trigonometric 
series equiconverge on every compact set of the interval G if and only if for an arbitrary compact 
set Ko of the interval G, there ex./sts a constant C(Ko) such that the inequality (9), in which 
q = p/(p - 1) (q = o¢ for p = 1), holds for all numbers k. 
REMARK TO ASSERTIONS 1 AND 2. For n -- 2, i.e., for the second-order operator 
Lu = u" +al(x)u' + a2(x)u, (lo) 
Assertions 1 and 2 hold under weaker assumptions on the coefficients 
al(x) 6 WI(G), a2(x) 6 LI(G). (II) 
Finally, we give one more assertion that concerns the condition for the Riesz basis property 5 
of the systems of g.r.f, of the differential second-order operator (10). This assertion was proved 
in [16]. 
5Riesz basis is a basis which can be transformed into an orthonormalized basis by means of a bounded invertible 
transform. Another equivalent definition of the Riesz basis is that Riesz basis is an unconditional almost orthonor- 
realized basis (i.e., a basis that preserves the basis property for any permutation of its elements and such that the 
norms of all its elements are between two positive constants). 
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Let L* denote an operator formally adjoint of the second-order operator (10) with, in general, 
complex-valued coefficients al(x) and a2(x), i.e., we put 
: + (10') 
ASSERTION 3. Let the coefficients of the second-order differential operator (10) belong to the 
classes (11), {uk(x)} be such an arbitrary and minimal in L2(G) system of g.r.£ of the oper- 
ator (10) that the inequality (4) holds and lengths of all the chains of adjoint functions are 
uniformly bounded. In addition, let the system {vk( x) }, which is the biorthogonal djoint of the 
system {uk(x)}, consist only of g.r.£ of the adjoint operator (10'), i.e., almost everywhere in G, 
we have 
L*v +-ikvk = Ok+Irk+l, 
where the numbers Ak and Ok are the same as in (2), but with operator L from (10). Then, each 
of the systems {Uk(Z)/IJUklIL2(G) } and {l)k(X)/ll~kllL2(G) } is a RJesz basis in L2(G) if and oniy if 
the inequality (5) and the inequality 
IlUklIL2(G) II~kIIL2(G) <__ C (12) 
are valid for all k 6 N. 
Now we formulate the main results of this paper. 
Let us consider the ordinary second-order differential operator (10) with real-valued coefficients 
belonging to the classes (11) and its formal adjoint operator (10'). 
THEOREM 1. Let L be the second-order differential operator (10), defined on the interval G = 
(0, 1), in which the real-valued coefficient al (x) is an arbitrary function from the class W~( G) 
s&tisfying the condition 
~0 1 al(X) = O, (13) dx 
while the coefficient a2(x) is expressed in terms of al(x) by the formula 
1 2 1,  a2(x) = ~al(x ) + ~al(x ). (14) 
Then the system {uk(x)} of root functions of this operator with the regular (but not strongly 
regular) boundary conditions 
u(O) = O, u'(O) = u'(1) (15) 
has the following properties. 
(1) For arbitrary values of the coefficients al(x) and a2(x), the system { uk ( x ) } is closed and 
minimal in Lp(G) for every p >_ 1. 
(2) Subject o the condition a1(1) = 0, a specially selected system {uk(x)} possesses the basis 
property in Lp for every p > 1, the system {uk ( x ) / IlUk HL2(G)} forms a R/esz basis in L2(G), 
and for every function f(x) from the class LI(G), the biorthogonal series in terms of the 
system {uk(x)} equiconverges with the Fourier trigonometric series of the same function 
f(x) uniformly on every compact set of the interval G. 
(3) Subject o the condition al (1) ~ O, the system {uk(x) } does not possess the basis property 
in Lp (whatever p > 1) and the biorthogonal expansion of a function f i  x) from the class 
Lp(G) (whatever p > 1) in terms of this system does not equiconverge with the Fourier 
trigonometric series of f ( z ) . 
(4) Subject to the condition al(1) = 0, there exists a closed and minimal in Lp(G) (for any 
p >_ 1) system of the root functions {uk(x)} canonical in Keldysh's ense, which does not 
have the basis property in Lp space (whatever p > 1) and for which the biorthogonal 
expansion of a function .fix) E Lp( G) (whatever p > 1) does not equiconverge with the 
expansion of the same function in the trigonometric series. 
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The outlines of the proof of Theorem 1 can be found in our paper [21]. 
The following statement is easily proved with the help of Theorem 1. 
THEOREM 2. For an arbitrarily small ~ > O, there exist two pairs of differentiable coefficients 
al(x), a2(x), and al(m), a2(m) in the operator (10), which satisfy the conditions (13) and (14), 
such that the following requirements are met. 
(1) The inequalities 
lax(x) - az(m)[ _< ¢, [at(m) - at(m)[ _< ¢, [a2(x) - a2(z)[ _< 
hold uniformly with respect o x on the segment G = [0, 1]. 
(2) The system {uk(x)} of root functions of the operator (10) with the coefficients al(x) 
and a2(x) and the boundary conditions (15) possesses the basis property in Lp for any 
p > 1, and the corresponding biorthogonal expansion of an arbitrary function f(x) from 
the class Lp( G) equiconverges with the trigonometric series on any compact set G for any 
p>l .  
(3) The system {ilL(x)} of root functions of the operator (10) with the coefficients al (m) and 
a2(x) equipped with the same boundary conditions (15) does not possess the basis property 
in Lp (whatever p > 1) and the corresponding biorthogonal expansion of function f(m) 
[rom the class Lp( G) (whatever p >_ 1) does not equiconverge with the trigonometric series 
of the same function f(x). 
Theorem 2 shows that even if the boundary conditions are the same, the basis property and 
the property of equiconvergence with the trigonometric series for the system of root functions 
of operator (10) may appear and disappear, however small the changes in coefficients of this 
operator are (the coefficient al(m) changes with respect o C 1 metric and the coefficient a2(x) 
changes with respect to C o metric). 
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